Solving strongly coupled gauge theories in two or three spatial dimensions is of fundamental importance in several areas of physics ranging from high-energy physics to condensed matter. On a lattice, gauge invariance and gauge invariant (plaquette) interactions involve (at least) four-body interactions that are challenging to realize. Here we show that Rydberg atoms in configurable arrays realized in current tweezer experiments are the natural platform to realize scalable simulators of the Rokhsar-Kivelson Hamiltonian -a 2D U(1) lattice gauge theory that describes quantum dimer and spin-ice dynamics. Using an electromagnetic duality, we implement the plaquette interactions as Rabi oscillations subject to Rydberg blockade. Remarkably, we show that by controlling the atom arrangement in the array we can engineer anisotropic interactions and generalized blockade conditions for spins built of atom pairs. We describe how to prepare the resonating valence bond and the crystal phases of the Rokhsar-Kivelson Hamiltonian adiabatically, and probe them and their quench dynamics by onsite measurements of their quantum correlations. We discuss the potential applications of our Rydberg simulator to lattice gauge theory and exotic spin models. arXiv:1907.03311v2 [quant-ph] 
I. INTRODUCTION
Atoms trapped in tweezer arrays and interacting via van der Waals interactions of laser excited Rydberg states have recently emerged as one of the most promising platforms for quantum simulation of spin models. Unique features of Rydberg tweezer arrays include the flexibility of freely arranging atoms in any geometric structure in one, two or three spatial dimensions [1] [2] [3] . In combination with strong, and potentially angular-dependent, Rydberg-Rydberg interactions, such arrays yield a versatile tool available to realize a wide variety of effective spin models, as demonstrated in recent experiments with Ising type [4] [5] [6] and topological Su-Schrieffer-Heeger models [8] (for alternative realizations in optical lattice see [9, 10] ). A key element of quantum many-body systems in Rydberg tweezer arrays is the Rydberg blockade mechanism [11] . Here only single atomic Rydberg excitations within a given blockade radius R c are allowed, with double excitations strongly suppressed by large energy shifts from Rydberg van der Waals interactions. In this paper, we show that such experimental setting provides a natural framework for implementing 2D U (1) lattice gauge models for spin 1/2, and in particular (a variant of) the Rokhsar-Kivelson Hamiltonian [12] . Such Hamiltonian corresponds to a paradigmatic model of quantum spin ice and quantum dimers [13] . Configurable 2D atomic tweezer arrays thus offer a unique opportunity to study Rokhsar-Kivelson dynamics and phase diagrams, in particular accessing and characterizing its resonating valence bond phase [14, 15] .
The implementation of lattice gauge theories in spatial dimension larger than one is presently one of the key challenges in the ongoing development of quantum simulators. Recently, pioneering experiments have demonstrated quantum simula-tion of 1D lattice gauge theories, including the 1D Schwinger model, as 1D quantum electrodynamics, with trapped ions [16, 17] , and superconducting qubits [18] . Furthermore, recent experiments with 1D Rydberg chains [5] could be reinterpreted in terms of a truncated 1D Schwinger model [19] and string breaking. In contrast, lattice gauge theories in higher spatial dimensions are much harder to simulate. They are expected to display a plethora of novel physical phenomena which are absent in 1D, due to the interplay between electric and magnetic interactions, such as confined-deconfined phase transitions [20] and topological order [21] . A difficulty in implementing lattice gauge theories in higher spatial dimensions is that gauge invariance (Gauss law) and gauge invariant magnetic interactions, plaquette terms, typically translate into 4body (or higher order) interactions. This difficulty also applies when gauge field excitations are represented as finite dimensional, such as in lattice gauge spin models [22] [23] [24] [25] . While recent proposals report significant advances in constructing gauge invariant terms in Kogut-Susskind [26] like Hamiltonians from basic and natural building blocks, e.g. in cold atom systems [27] [28] [29] [30] [31] [32] [33] , a laboratory implementation of 2D lattice gauge theories remains elusive (for a digital approach see e.g. [34] [35] [36] , for reviews see [37] [38] [39] , for Floquet engineering and related progress with density-dependent gauge fields see [40] and [41] [42] [43] [44] ). For instance, plaquette (ring-exchange) interactions has been experimentally demonstrated for disconnected plaquettes only [45] .
In this work we take a different route for achieving a natural implementation of 2D U(1) spin-1/2 models. The enabling insight is the existence of a dual formulation where plaquette interactions are mapped to single-body terms with constraints. In the context of our Rydberg tweezer array these correspond to Rabi couplings between atomic states which are subjected to generalized blockade conditions due to Rydberg interac-tions. Thus, we obtain a natural relation between the gauge theories and atomic systems with generalized blockade constraints, which provides a physical basis for scalable quantum simulation of lattice gauge theories in 2D.
The idea of exploiting dualities for quantum simulation of spin models and lattice gauge theories is not new, see e.g. [46] . It is well known since [26] that in the magnetic basis pure gauge Kogut-Susskind Hamiltonian simplifies (it is the same duality that relates Z 2 gauge theory like the toric code to the Ising model [47, 48] ) and allow, e.g., to rewrite Higgs-U(1) Hamiltonian [49] as an extended Bose-Hubbard model [50] (see also [51, 52] ). However, the duality we construct here for the pure gauge U(1) spin-1/2 models (quantum spin ice in the condensed matter language) has not exploited for quantum simulation previously.
The paper is organized as follows. In Sec. II, we introduce the Rokhsar-Kivelson Hamiltonian as a 2D U(1) spin-1/2 gauge theory and derive the dual Rokhsar-Kivelson Hamiltonian. First, after a brief tutorial on lattice gauge theories, we review the phase diagram of RK Hamiltonian on the square lattice without background charges as known in its original basis (Sec. II A). Then, we define the duality transformation, describe its properties, and illustrate the phase diagram in terms of the observables of the dual spins on the full square lattice and on ladder geometries (Sec. II B). In Sec. III, we show how such dynamics can be naturally realized in 2D Rydberg arrays. First, we engineer 2D Ising models with tunable anisotropic interactions in decorated arrays, obtained by arranging orientable pairs of Rydberg atoms on 2D arrays (Sec. III A). The gauge theory emerges in such models for properly chosen arrangements (interactions) in the limit of small Rabi coupling (= transverse field), i.e. in a generalized blockade regime (Sec. III B-III C). We show that such Rydberg Rokhsar-Kivelson Hamiltonians host resonating valence bond phases and we propose a step-by-step prescription to prepare and detect these phases in current experiments (Sec.III D). Finally in Sec. IV we summarize our results and discuss future steps and potential applications of our simulator based on controllable Rydberg arrays to gauge theories and beyond.
II. RYDBERG GAUGE THEORIES: DUAL FORMULATION IN TERMS OF GENERALIZED BLOCKADES
In this section we show how to formulate a relevant U(1) gauge theory in terms of interactions that are natural for an atomic system. Let us start by introducing the gauge theory in simple terms.
A. Spin gauge theories and the Rohksar-Kivelson model
The Hamiltonian of a gauge theory in two (or more) dimensions is constructed in terms of electric and magnetic interactions and of their coupling to charges. In continuous Abelian U(1) gauge theories relevant in high-energy physics like quantum electrodynamics (and similarly for non-Abelian gauge x or y in a square lattice. They display the main features of gauge theories in D > 1: i) the Gauss law that determines the allowed spin configurations on the links in terms of the charges, and ii) the magnetic interactions acting on the links around a plaquette. On a square lattice these operators correspond both to four-body spin operators indicated by the green and violet rhombi, respectively. b) In a system without charges, we depict the effect of the Gauss law by coloring in red the links in |↑ and not coloring the ones in |↓ that represent the electric states. Physical states are superposition of endless red strings going up and right (see panel c and Fig. 2 ). Such electric configurations correspond to position states andŜ † s +Ŝs acts as a kinetic term on them. c) The square of the plaquette operator Ŝ † s +Ŝs 2 is diagonal in the electric basis and plays the role of a potential term that counts flippable plaquettes. The competition of the kinetic and potential terms in the Rokhsar-Kivelson Hamiltonian (4) gives rise to a rich phase diagram, with the resonating valence bond solid (RVBS) phase separating two crystal phases, the Néel and the columnar phases (see description in the main text). The resonant plaquettes are depicted by diagonal double arrows. The alternated green and pink arrows reflect that the resonant plaquettes are correlated within the same sublattice and anti-correlated with the ones in the opposite sublattice.
theories like quantum chromodynamics) the former are simply given by the square of the electric and magnetic fields E µ and B, respectively, with E µ = ∂ t A µ and B = ∂ x A y − ∂ y A x defined (in the unitary gauge) through the vector potential A µ , where t, x, y are the time and space coordinate in 2D, and µ = x, y. Here, gauge invariance, i.e. invariance of the Hamiltonian under local phase (symmetry) transformations of the charges, follows directly from the invariance of E µ and B while A µ → A µ + ∂ µ θ(x, y). The electric field is sourced by the charges through the Gauss law, ∂ µ E µ = 4πQ, where Q is the charge density.
In gauge theories defined on the lattice [53] , the charges oc-cupy the sites s = (x s , y s ) of the lattice while the quanta of the electromagnetic field live on its links l that are oriented and can be denoted by their starting site and their direction µ = x, y, l = (s, µ). The electric interactions are defined directly in terms of the electric operatorÊ s,µ , a Hermitian operator of discrete spectrum acting on the links. The magnetic interactions are given by (oriented) products of the Wilson operatorsÛ s ,µ , i.e. lowering operators of the electric field [Ê s,µ ,Û s ,µ ] = −Û s,µ δ s,s δ µ,µ , on the links around the plaquettes of the lattice. Since eachÛ s,µ measures the phase acquired by a unit charge moved along the link (s, µ) of length a, i.e.Û s,µ ∼ e iaAµ(s) , the Kogut-Susskind Hamiltonian [26] 
s+x,yÛ s+ŷ,xÛs,y + H.c. , (1) reduces to the pure gauge QED Hamiltonian in the continuum, H = (E 2 + B 2 ), when the lattice spacing a is send to zero. The above Hamiltonian is gauge invariant as it commutes with the lattice version of the Gauss law Ê s,x +Ê s,y −Ê s−x,x −Ê s−ŷ,y −Q s |Φ = 0, ∀s, ⇐⇒ |Φ ∈ {physical states}, (2) that determines what states are physical for a given distribution of charges. Here,Q s is the operator measuring the charge on the site s and |Φ represents the state of the whole lattice, including both links and sites. The electric states, i.e. the eigenstates of the electric operators on the links, form a convenient basis for the link degrees of freedom. In particular, the physical states can be easily identified in this basis via (2) . Since the electric field is unbounded, the number of electric states on each link are in principle infinite. However, it is possible to truncate it to a maximal value and define consistently U(1) (and SU(N) [54, 55] ) lattice gauge theories with finite local Hilbert spaces (at the price that the Wilson operator is no longer unitary). The simplest U(1) gauge theories in 2D, known as gauge magnets, or link models, or Ising gauge theories [22] [23] [24] [25] , are obtained by considering just two electric states per link, see Fig. 1 . The electric operator reduces tô E s,µ →Ŝ z s,µ and the Wilson operator toÛ s,µ →Ŝ − s,µ , witĥ S ± =Ŝ x ± iŜ y , and the physical configurations and their dynamics follow from (2) and (1) .
We can represent the physical configurations in the (electric)Ŝ z basis by coloring in red the links in |↑ and not coloring the ones in |↓ . We use such notation in Fig. 1b to illustrate the 6 configurations out of 16 allowed around a site without charges. All the physical configurations of the plane are obtained by assembling the local building blocks satisfying (2) .
Since E 2 is now trivial ((Ŝ z ) 2 = 1), the Kogut-Susskind Hamiltonian (1) 
where we label the plaquette by its left-down site. As shown in Fig. 1b ,Ŝ s +Ŝ † s interchanges two electric configurations of a plaquette, while it annihilates the remaining (fourteen) ones. In the following we name these two configurations as flippable. Notice that neighbor plaquette operators are not commuting: such property is a consequence of the electric field truncation and has important implications on the dynamics.
The Hamiltonian considered so far is not the most general one compatible with gauge invariance, i.e. commuting with (2), we can construct. If we regard the electric basis as a position basis we can interpret the sum of plaquette operators as a kinetic term that acts on the electric configurations by interchanging them. We can thus add potential terms that are diagonal in the electric basis and weight the different configurations. The resulting lattice models have a rich phase diagram and are of direct interest in condensed matter even without taking the continuum limit. A relevant Hamiltonian in this class is the Rokhsar-Kivelson (RK) model [12] 
where the potential term is given by the square of the plaquette operator. Such potential term counts the flippable plaquettes and λ plays the role of a chemical potential for the flippable electric configurations. The RK Hamiltonian was originally proposed as a simple model for quantum dimers, which are an effective description of valence bonds [14, 15] , the singlets of valence electrons whose condensation is conjectured to explain high-T c superconductivity [56] . Dimer configurations are equivalent to electric configurations in the presence of a staggered distribution of static charges ±1 [25] and their dynamics is described by (4) , see Appendix A for further details.
Phase diagram of the RK model
The RK Hamiltonian has a rich phase diagram in any lattice geometry and charge distribution. At λ = 1, known as the RK point, the Hamiltonian (4) becomes a sum of projectors and semi-positive definite by construction [12] . The equal real weight superposition of all the allowed configurations is the exact ground state of H RK (λ = 1) as it is a zero energy state annihilated by all projectors. This state is a prototype of a quantum spin liquid [57] . In the square lattice and with no charges (see Fig. 1c , the RK point separates a columnar phase, i.e. an unflippable (no plaquette can be flipped) crystal ordered phase for λ > 1, from a resonating valence bond solid (RVBS) phase with quasi longe-range order that extends from λ c < λ < 1. For λ = λ c ∼ −0.3, there is a weaklyfirst-order phase transition [58, 59] to a Néel phase, a flippable (smoothly connected to a fully flippable background) crystal ordered phase (which is an example of order by disorder [60] ). The RVBS phase on the square lattice preserves rotational symmetry and charge conjugation [61] , while its correlation pattern (see Fig. 1c ) breaks spontaneously translational invariance. On frustrated lattices like the triangular and kagomé (5) . The dual spins live in the dual lattice formed by the centers of the plaquettes. The value of the link spin is determined by the plaquette spins of the plaquette sharing the link, as indicated by the purple ellipses for the links p, x and p, y, accordingly with the convention that the fully flippable state |Ω is the ferromagnetic state in the dual basis. b), c), d) We represent simultaneously the link spins with the color convention of Fig. 1 and the dual plaquette spins as arrows in the center of the corresponding plaquettes. b) The reference state |Ω : we identify it with the ferromagnetic state with all plaquette spins up. c) After flipping one plaquette of |Ω all the neighboring plaquettes are blocked. d) After flipping all the plaquettes neighboring a plaquette p, p is flippable.
ones the corresponding RK Hamiltonians for quantum dimers [62] are expected to display a true spin-liquid phase around the RK point, λ 1, [63] [64] [65] , while the overall structure of the phase diagram is lattice dependent, see e.g. [66, Fig. 17.8] .
The spin gauge theory Hamiltonians like the RK model (4) in the form presented above are challenging to be observed in condensed matter or to be realized in synthetic systems, for instance with ultracold atoms. Indeed, these Hamiltonians can be obtained as low-energy limits of antiferromagnets, for instance of antiferromagnetic XXZ on the 2D pyrochlore lattice in the Ising limit [64] . There, the dominating Ising spin-spin interactions imposes the Gauss law on the low-energy manifold and the plaquette interactions emerge in perturbation theory through ring exchange [29, 67] . Alternatively, one can engineer both Gauss law and plaquette interactions by adopting a digital approach [34, 68] based on Rydberg gates [69] . In both cases, the suppression of the energy scale/complexity of the digital procedures makes the realization of 2D gauge theories in experiments extremely hard.
B. Dual formulation of the RK model
We show here that it is possible to reformulate spin gauge theories such that the gauge symmetry (Gauss law) is automatically realized and the plaquette interactions acquire a more natural form for atomic arrays with Rydberg interactions. For the sake of concreteness, let us focus on the RK model defined on the square lattice with no background charges and fix the boundary conditions compatible with the Néel state (see Figs. 1 c and 2). We can express the physical (electric) states of the gauge theory as plaquette states by the operator identification
where theŜ z p acts on the spin 1/2 associated to the plaquette p = (x p , y p ), and (−1) p = (−1) xp+yp distinguishes even (+) and odd (-) plaquettes. We use the above map to replace the spins on the links with spins associated to the plaquettes and thus living in the dual lattice, and construct a dual Hamiltonian for such spins. Indeed, (5) is a well-defined one-to-one mapping on the physical states, up to an overall Z 2 identification of the plaquette spins for periodic boundary conditions. For open lattices, the Z 2 degeneracy can be removed for instance by choosing all the dual spins up on the boundary. Additionally, the map (5) is quasi-local, i.e. it maps local observables in local observables. In particular, the plaquette operator in the dual basis becomes (see appendix B)
where P ↑↑↑↑(↓↓↓↓) p ≡ p ∈ p ( 1 2 + (−)Ŝ z p ) denotes the projectors on the neighbor plaquette spins. As a consequence the dual RK Hamiltonian of the dual 2D spin system is
The map (5) and the Hamiltonian (7) are the quantum version of the height formalism [70] [71] [72] applied to RK model without charges, see appendix B. The same map can be derived also for other charge sectors and geometries [73] , including frustrated lattices [74] (see IV for further discussion). We note that the transformation (5) maps the two Néel states, where all plaquettes are flippable, into the ferromagnetic and the Néel states, respectively, in particular, |Ω = p∈ even | p → p |↑ p , see Fig. 2a . Moreover, it is makes explicit thought (6) that the plaquette operator satisfies a generalized blockade condition: i) Once the plaquette operator (Ŝ p +Ŝ † p ) is applied on |Ω , all the neigbouring plaquettes p cannot be flipped, are blocked, (Ŝ p +Ŝ † p )(Ŝ p +Ŝ † p )|Ω = 0, p = p , see Fig. 2c ; ii) However, if we flip all the neigbouring plaquettes to p, then this plaquette becomes flippable again because all the links of the plaquette have been reversed, see Fig. 2d . The projector P ↑↑↑↑ + P ↓↓↓↓ in (6) reflects how starting from |Ω we can flip a plaquette when none or all neighbor plaquettes are flipped. Since we can reach all the physical states by applying the plaquette operator repeatedly on |Ω , the generalized blockade applies to all physical states.
Phase diagram of the RK model in the dual formulation
We conclude by discussing the phase diagram and in particular the RVBS phase in the dual picture (7), see Fig.  3 . There, we show also the corresponding structure factors
calculated by DMRG using ITensor library [76] on square lattices N x × N y up to 8 × 8. We ensure that the energy is minimized only on accessible states from |Ω , for which the map is defined (see Appendix D). The phase for λ < λ c is ferromagnetically ordered in each sublattice as expected for the fully flippable phase. The boundary conditions compatible with |Ω select the ferromagnetic order in both sublattices as evidenced by a large value of S k [z] for k = (0, 0), the blue curve in Fig. 3b , which is the dominant contribution to spin-spin correlations. The RVBS for λ c < λ < 1 is correlated both along z and x within the two sublattices only. Such structure is in agreement with RVBS being even under charge conjugation and it is signaled both by the equality of the S k [z] for k = (0, 0) and k = (π, π) (in orange) and the raising of the S k [x] (in green), see Fig. 3b -c. The "unflippable" phase (it is reachable from |Ω only through the boundary where the residual flipplable plaquettes appear as defects) for λ > 1 displays a characteristic strip order with the plaquette spins aligning in the z direction along the diagonals of the lattice, with an associated periodicity four captured by S k [z] for k = (π/2, π/2). In Fig. 3a we show one of the possible configurations with two flippable plaquettes (defects) on the boundary. For λ → ∞ we have as many exactly degenerate configurations as allowed positions for the defects. The degeneracy is only approximated at finite λ > 1 (the degeneracy is resolved): in Fig. 3a we show the resulting configuration.
Special cases: ladder geometries
The dual RK Hamiltonian (7) is immediately reminiscent of Rydberg physics and of the P XP model [5, 77, 78] , which can be obtained from (7) . It was noticed in [79] that the quantum dimer model on a ladder can be mapped to a P XP -like model on a chain. Indeed, if we restrict the Hamiltonian (7) to a chain immersed in the background |Ω , only the blockade term P ↑↑ p = ( 1 2 +Ŝ p−x )( 1 2 +Ŝ p+x ) survives. Precisely, the resulting Hamiltonian coincides with [77, Eq.3] for ω = J and U = −2V = −2λJ. It is not charge conjugation invariant and the corresponding phase diagram for varying λ does not show any analogue of the RVBS phase, which is even under charge conjugation, see Fig. 6 in the Appendix E.
Interestingly, the minimal geometry that preserves such symmetry is a periodic ladder, i.e. a cylinder with a circumference of two lattice sites. Since the dual lattice of a periodic ladder is a periodic ladder, p +ŷ = p −ŷ, the dual RK Hamiltonian takes the simple form
where we restrict p to run over the sites of a square ladder, p = (x p , y p ) with y p = [0, 1], such that P
As shown in Fig. 3d -e, the phase diagram of (8) has the same structure as the one of the 2D RK model, Fig. 3b -c. In particular, the RVBS phase is signalled by the equality of the structure factors S k [z] for k = (0, 0) and k = (π, π).
III. RYDBERG GAUGE THEORIES: RK HAMILTONIAN FROM DECORATED RYDBERG ARRAYS
In this section we discuss the implementation of the dual RK Hamiltonian (7) (and of analogous expression for other lattices) with Rydberg atoms. Our starting point is a 2D array of atoms with tunable geometry, driven between their ground |g and Rydberg |r states, respectively, with Rabi frequency Ω and detuning ∆ ( = 1)
where n I = |r I r| and C 6 is the van der Waals potential energy at unit distance. We arrange the atoms by pairs such to realize composite spins 1/2.
We first show in Sec. III A that under suitable conditions H Ryd becomes equivalent to an anisotropic Ising model for the atom pairs with interactions and detuning determined by the pair arrangement. Then, in Sec. III B and III C we achieve the generalized blockade from such spin model by properly choosing the pair arrangement in a similar fashion as for ordinary blockade in Rydberg chains [5] .
A. Tunable Ising models from decorated Rydberg arrays
We consider an array of atom pairs (see Fig. 4 ) such that the position of each atom I is given in terms of the pair position p and atom displacement in the pair η, I = p+ση, σ = ± 1 2 . We take |η| sufficiently small (i.e. the pairs sufficiently far apart) such that Rydberg interactions between the atoms in the pairs is the dominating interaction, C6
For a sufficiently blue detuned driving field (∆ < 0 such that Ω −∆), the low energy sector consists of configurations where exactly on atom per pair is in the Rydberg state and the other atom is in the internal ground state. Thus, each pair forms an effective pseudo spin-1/2 system, with the identification (see the inset of Fig. 4a )
The effective Hamiltonian (9) in this low-energy limit becomes
where J is the effective Rabi frequency,
C6−∆|η| 6 ), and V (k) is the van der Waals interactions between Rydberg atoms in k−neighbor pairs. Disregarding boundary and constant terms, V (k) can be written as Ising interactions between the k-spins plus a local term (such term appears because the distance between the atoms in the Rydberg state in the pair-pair configurations ↑ p ↓ p and ↓ p ↑ p can differ)
where p k denotes the k-neighbors of p. The coefficients A and B are determined by the geometry of the array: they are symmetric and antisymmetric functions of the pair separation and of the atom displacement in the pairs η
Below we show how to exploit their tunability for achieving the dual RK Hamiltonian for various lattice geometries. In such construction the pair-pair interactions V (k) for k > 2 are negligible and we consider them zero.
B. RVBS phase on a decorated Rydberg ladder
As a preliminary exercise we consider the implementation of the RK Hamiltonian on a periodic ladder (8) . Here we parametrize the position of the pairs on the ladder as p = (a x x p , a y y p ), where a x and a y are the lattice spacing along the legs and the length of the rungs, respectively, see Fig. 4a . For simplicity, we can express all lengths in unit of a x , a x = 1.
Let us focus on the projector appearing in (8) . We can obtain it dynamically from the nearest-neighbor (NN) pair interactions V (k=1) in (12) if we require that p = p 1 A(p − p , η) = 0 = p = p 1 B(p − p , η). By orienting the pairs along x, η = |η|x, the constant terms B's cancels Fig. 3b and c, respectively, for λ 1 In particular, the ferromagnetic and the RVBS phases remain while the columnar phase is substituted by a "glassy" phase. d) In order to compare the phase diagrams of the effective RK Hamiltonian with the full spin description of the decorated Rydberg array, we compare the spin-spin correlations on a 6 × 2 decorated ladder, for |η| = 0.38ax and periodic boundary conditions, via exact diagonalization. The structure factors for the ground state of the effective RK Hamiltonian, and the corresponding eigenstates of the Rydberg array Hamiltonian (up to next-nearest-neighbor interactions) are shown respectively as dashed and solid lines. We included a small detuning δ = 0.1C6/a 6 x ≈ 0.11|Λ| within the atoms of each pair to select a specific ferromagnetic state as reference. e) Adiabatic preparation of the RVBS phase for the same parameters as d). By smoothly ramping up the Rabi frequency J (inset) we can enter the RVBS phase within the validity of generalized blockade condition, J G.
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out. The requirement on the NN Ising couplings reduces to 2A(x, η) = −A(a yŷ , η) ≡ −2G(|η|), which fixes the lattice spacing a y (more precisely, the ratio a y /a x ) in terms of |η|.
With this choice the Hamiltonian (11) of a decorated Rydberg ladder becomes
as the non-flippable configurations are separated from the flippable ones by a non zero gap that is precisely equal to G. Notice that the next-to-nearest neighbor (NNN) pair interactions V (2) can be also written in terms of projectors over NN spins. For η = |η|x, V (2) reduces to
with Λ(|η|) = A(x + a y (|η|), η)/2 < 0. Thus, for J G, the effective spin Hamiltonian (15) is equivalent to the RK Hamiltonian with a generalized RK potential. We name it as the "Rydberg RK" Hamiltonian on a periodic ladder.
As the original RK Hamiltonian (8), the Rydberg RK Hamiltonian (15) displays a RVBS phase that is experimentally accessible. We plot the phase diagram of (15) for varying λ = Λ/J, in Fig. 4b for the square lattice, and in Fig. 4c for the periodic ladder, and we compare it with the one of (8) . The extra potential term in (15) modifies appreciably the phase diagram only for λ 1, cf. with Fig. 3c . In particular, the ferromagnetic and the RVBS phases remain unchanged, as clearly evidenced by the behavior of the structure factor. The S (0,0) [z] dominates in the ferromagnetic phase and coincides with S (π,π) [z] in the RVBS phase. For λ > 1 the columnar phase is substituted by a "glassy" phase, with a huge classical degeneracy imposed by V (2) . In the 2D case, the phase transition from the ferromagnetic phase to the RVBS phase moves slightly to the right, λ c from ∼ −.6 to ∼ −.5, as the additional potential term stabilizes the ferromagnetic phase for λ < 0. The phase transition from the RVBS phase to the glassy phase still occurs around λ = 1, but the model at λ = 1 is no longer integrable. In Fig. 4c , we test numerically the validity of the mapping from the Rydberg Hamiltonian Eq. (11) to the effective Rydberg RK Hamiltonian (15) for increasing values of J. For this, we consider a periodic ladder of N x = 6 × 2 atom pairs, with periodic boundary conditions along the x-axis, and compare via exact diagonalization the ground state of Eq. (15) with the corresponding eigenstate of Eq. (11) . We fix the displacement of the atoms in the pairs to be η = 0.38a xx and the distance of the pairs along y is a y ≈ 0.59a x . With such values, we obtain Λ = −0.91C 6 /a 6 x and G = 15.71C 6 /a 6
x . We also consider a pinning Hamiltonian δ p S z p , with δ = 0.1C 6 /a 6 x to compare eigenstates of the two Hamiltonians consistently in the presence of degeneracies (in particular for J → 0, i.e., λ → −∞). The structure factors S k [z] shown in Fig. 4c show that the RVBS can be accessed within the regime of validity J G of Eq. (15) . In Sec. III D, we show how to form such state via adiabatic state preparation in an experiment.
C. Rydberg gauge theory on the square and other 2D lattices
We now apply the same strategy explained above to engineer the 2D RK Hamiltonians defined on generic lattice geometries, e.g. on triangular, square, and hexagonal lattices. Their dual formulation respectively on the dual hexagonal, square, and triangular lattices can be written in a unified fashion [73] as
where the projectors P ↑...↑(↓...↓) = p = p 1 ( 1 2 + (−)Ŝ z p ) involve the three, four, and six NN spins to the spin at the site p, respectively. In order to engineer the generalized blockade conditions associated with such projectors, we exploit the NN Ising interactions arising from V (1) , as in the example of the periodic ladder. While the dynamical implementation of the projectors for dual hexagonal lattice follows precisely the same path as for the periodic ladder, the higher lattice coordination of square and triangular lattices introduces new conditions. In the latter case, it is not sufficient to ask that p = p 1 A(p − p , η) = 0 = p = p 1 B(p − p , η) as additional degeneracy can arise. For instance, if the Ising couplings to two neighbor spins at p 1 and p 2 are opposite, A p−p1 = −A p−p2 , we are free to flip these two spins without paying any interaction energy. Thus, the Ising interactions project at low energies also on additional unwanted configurations. In practice, in lattices with more than three neighbors we have to design the Ising couplings A(p − p ), p = p 1 , such that their sum for any subset { p 1 } of NN spins is non zero. The gap G is the modulus of the smallest sum,
For concreteness, we sketch here how to find the proper array of atoms that avoids the unwanted degeneracies and realize the Rydberg RK Hamiltonian on the square lattice. The details of the calculation are presented in the Appendix C. For the construction on other lattices we refer the reader to [73] . In what follows, we consider a rectangular lattice of pairs deformed by the relative displacement of its even and odd sublattices, indicated in blue and red in the right panel of Fig. 4a . As shown in this figure, we displace the sublattices along y by d yŷ while the pairs lie in the xz-plane, with the relative displacement of the atoms parametrized as η = |η|(cos θx + sin θẑ). We fix the lattice spacing along x to a x = 1 while the one along y is a y . For any θ, d y , and a y , the constant detunings in V (1) add up zero. The Ising couplings to the left and right NN spins are the same and positive while for d y = 0 the Ising couplings to the top and to the bottom NN spins are different and negative. By adjusting a y we can make the sum of the four couplings zero while any sum of two or three of them is not, and thus achieve the desired blockade condition with a finite gap G to the unflippable configurations.
The effective Hamiltonian takes the RK form
with the generalized RK potential determined by NNN interactions
where we order the NN spins anticlockwise and Λ = Λ(η, d y ).
We can use d y and θ to both maximize the gap G and minimize the ratio |Λ/G|. In particular, we can reduce the latter arbitrarily such that the RK Hamiltonian (18) is valid for J Λ/λ c , and the driven Rydberg array supports a RVBS phase.
D. Adiabatic preparation of the RVBS phase in decorated Rydberg arrays
Above we have shown how to engineer Rydberg arrays that naturally realize dual RK Hamiltonians on different lattice geometries. In particular, we have shown that the dual RK on a square lattice displays a RVBS phase. Here we discuss how to prepare this phase and how to access the full phase diagram of such Hamiltonians adiabatically in current Rydberg experiments. The idea is to exploit the detuning of the effective Rabi coupling for the spins as done in several experiments [4-6, 9, 10] . We consider a driven array of atom pairs as in (9) where the ground states of the two atoms in the pair have an energy off-set δ much smaller than both the detuning and the van der Waals interaction in the pair, δ −∆, C 6 /|η| 6 , as produced for instance by an optical lattice. In the spin language the net effect of such term is to induce a detuning for the spins such that their effective Hamiltonian in generic geometry reads
where in the second line we specialize to arrays that satisfy the geometric requirements discussed in Sec. III B and III C and take the effective Rabi coupling sufficiently smaller than the gap G, J G. The presence of the detuning does not change such geometric requirements as it is a diagonal term that commutes with V (1) . This also implies that we can prepare adiabatically the ground state (or the maximally excited state) of the emergent dual RK Hamiltonian (20) for δ = 0 in any phase accessible within its regime of validity.
For concreteness, let us focus on the preparation of the RVBS phase on the square lattice. We consider the possibility to vary J(t), for instance via the Rabi frequency Ω(t), as a function of time. The idea is then to access the phase from the ferromagnetic phase that is connected to the product state with all the spin ups, with J(t = 0)
|Λ|. The value of J(t) is then slowly increased to reach the final state of the adiabatic state preparation. The procedure is illustrated in the case of the periodic ladder in Fig. 4e , with a pulse J(t) = J sin[πt/(2t f )], t f = 40/J, shown in inset. We simulate the dynamics within Eq. (11), and for the same parameters as Fig. 4d . For the chosen value of J = C 6 /a 6 x , the system acquires a RVBS pattern at the final time t f .
We expect the protocol to be able to form RVBS states also for larger ladders that are beyond the capability of classical computation. In realistic experimental setups, the adiabatic preparation is limited by the finite coherence time of the array due to spontaneous decay of the Rydberg states and to their motion. The inverse of the coherence time sets a minimal speed at which the parameters can change. Such minimal speed sets the minimal energy gap (at the transition between the ferromagnetic and the RVBS phases) compatible with adiabaticity. Thus, the coherence time determines the maximal size of the ladder whose RVBS phase can be prepared adiabatically. Our current protocol, which is not optimized, requires a running time of 10J −1 while we estimate that coherence time can be 10 times larger. For instance, in the setup of [5] by setting |η| = 0.38a x = 1µm we get J = C 6 /a 6 x ∼ 20 MHz, such that the overall coherence time of the Rydberg system (estimated in [5] to be 7µm) is of the order of 100J −1 .
A similar adiabatic protocol applies to the preparation of the RVBS phase in a N x × N y lattice. We fix the displacement of the atoms in the pairs to be η = a x (0.33x + 0.38ẑ), and the displacement of the sublattices along y to d y = 0.07a x such that the average distance of the pairs along y is a y = 0.88a x . With such values, the (blue-detuned) driven array is described by the Hamiltonian (18) with Λ = −0.088C 6 /a 6 x and G = 1.42C 6 /a 6
x . Since we get a similar ratio Λ/G as in the periodic ladder, we expect the adiabatic preparation to work in a similar way.
IV. CONCLUSIONS AND OUTLOOK
In this paper, we have shown that we can perform scalable quantum simulation of 2D lattice gauge theories with reconfigurable Rydberg arrays in current experiments. As a prototype of gauge theory with magnetic (plaquette) interactions, we have targeted the RK model, a spin 1/2 U(1) gauge theory that it is relevant for quantum magnetism. With the help of the electro-magnetic duality, we have evidenced that the dynamics of physical states has a blockade character that it is realized by geometrically tuned Rydberg arrays. We have detailed the engineering of the dual RK Hamiltonian on the square lattice without background charges and we have computed its phase diagram for varying Rabi couplings. We have shown how to prepare and detect the RVBS phase in Rydberg experiments with ladders and 2D arrays.
Our findings open several new possibilities for the quantum simulation of lattice gauge theories and more generally of many-body physics.
Generalized RK Hamiltonians
The relation we have established between the RK model and driven Rydberg arrays through the duality extends also to other (i) lattice geometries and (ii) charge backgrounds [73] . Furthermore, the Rydberg implementation may suggest (iii) new mechanisms to achieve U(1)-spin liquid phases in two dimensions.
Geometries. Contrary to the quantum dimer counterpart [13] , the phase diagram of the RK model without background charges has not received much attention on other lattice geometries than the square ones. The precise structure of the phase diagram is generally unknown and we may expect surprises in the phase diagram especially for frustrated lattices that are not bipartite. The first case to examine is RK Hamiltonian on a triangular lattice as its dual is realized by a properly deformed hexagonal decorated Rydberg array [73] .
Charges. Static background charges are especially interesting because they allow to probe confinement in the gauge theory and can lead to nested phases [59, see Fig. 6 ]. In the dual RK model static background charges can be incorporated by modifying the map (5) and the blockade condition governing the plaquette flip (6) . For instance, if we place a pair of two ±1 charges at distance we must include the effect of the string between the charges, which amounts to flip the link spins along the path (for very recent study on a special background see [80] ). Thus, the map (5) acquires a minus sign along the path of string that changes the projector in (6) along the string. Notice that by applying the same reasoning to the staggered distribution of charges that leads to the quantum dimer model (see appendix A) one recovers the duality to the fully frustrated Ising model first found in [75] . As a final remark we notice that the dual approach considered here can be extended to simulate the Higgs mechanism in the untruncated U(1) gauge theory considering larger plaquette spins (see below) as in [81] , and, perhaps, an analogue version of it for fermionic matter, cf. [82] .
U(1)-spin liquids. It is well known that the Coulomb phase of compact U(1) gauge theory is stable in three dimensions while it is unstable in two dimensions due to instanton effect [20] . This continuum argument explains a posteriori why, contrary to 3D [83, 84] , the RK point of the RK model in 2D does not extend to a spin liquid phase on bipartite lattices, which is instead replaced by a RVBS phase that is confined.
The absence of a deconfined "photon" excitation that rules out the existence of a spin liquid phase can be circumvented by breaking translational invariance as in happens with Cantor deconfinement [85] [86] [87] . It is very interesting to explore whether in a similar spirit we can break translational invariance such to induce and stabilize a spin liquid phase in 2D, e.g. by considering additional interaction terms to the dual RK model that are natural from the Rydberg perspective. Alternatively, it is intriguing to explore the realization of a 3D spin liquid phase or of magnetic monopoles [88] in 3D Rydberg arrays.
New experimental probes
Our approach to quantum simulations of the dual RK model allows i) to access experimentally quantum correlations and ii) to probe excitations' spectrum and thermalization of the RK model through quantum quenches, beyond condensed matter experiments and classical computations.
Quantum correlations. Contrary to traditional measurement schemes in condensed matter, Rydberg simulators allow for single-site resolution to detect whether each atom is in the ground or excited state. On the one hand, such possibility allows us to characterize the phase diagram for different value of λ through the structure factor and the expectation value of the generalized RK potential, which are experimentally accessible observables. On the other hand, it allows us to access non-local order parameters like the Wilson loop or to measure directly the entanglement entropy by quantum interference as in [92] , or by random measurements as in [94] , (for the theory proposal see [89] [90] [91] and [93] , respectively). An alternative promising route to characterize quantum many-body states is to use quantum machine learning techniques, e.g for performing quantum many-body state reconstruction efficiently as proposed in [95] and experimentally realized in [96] , or to identify phases with an unknown, non-local order parameter [97] .
Dynamical probes. Static quantum correlations discussed above can be potentially determined numerically for instance by quantum Monte Carlo or by DMRG for sufficiently large lattices such to approach the thermodynamic limit, see [59] and [98] for recent calculations. A key advantage of the quantum simulators is that is equally easy to study the time evolution of the observables after a local or a global quench [7] . These experiments could shed light both on the excitations above the ground state and the thermalization properties in the gauge theory. In particular, it would be very interesting to study whether the relation between confinement and many-body quantum scars [5, 99, 100] , first noted for Rydberg chains and the 1D Schwinger model [19] , extends to 2D pure gauge theories (for dynamical phase transition in the Schwinger model see [101] ). Recent numerical studies with exact diagonalization in 2D spin-1/2 U(1) gauge theory without charges in [102] and in the quantum dimer model and [103] have found evidences on small lattices of dynamical phase transitions (the emergence of kink-like structures in the return amplitude to the original ground state manifold) for quantum quenches from flippable to RVBS phase and the emergence of glassy behavior (very slow relaxation time) for quantum quenches from flippable to the unflippable phase, respectively. The latter behavior have been very recently confirmed and related to the constraint dynamics of the dimers in [104] .
Exotic spin models
The use of configurable Rydberg arrays of atom pairs induces effective interacting spin-1/2 Hamiltonians with tunable couplings between spins. This is precisely the technique we have employed in the quantum simulation of the RK model. Following a similar strategy and clustering together 2S + 1 atoms in a macro-atom we can form composite spins S whose spin-spin interactions are still controlled by the arrangements of the macro-atoms and their relative displacements. Therefore, configurable Rydberg arrays can be used for programmable simulations of exotic spin-S models with anisotropic interactions. We expect the local competition between ferromagnetic and antiferromagnetic interactions to lead to novel entangled phases and behavior. Additionally, the generalized blockade conditions that emerge in the simulator can encode known as well as novel "quantum" cellular automata [105]. The complexity generated by arranging driven Rydberg arrays in clusters can be viewed as the dynamical counterpart of quantum optimization for Maximum Independent set studied in [109] . We foresee that the combination of clustering of the arrays with angular dependent Rydberg-Rydberg interactions and/or with more complex Rydberg series such as those associated with earth-alkali atoms [110] [111] [112] will open even more exciting perspectives for quantum simulation.
Λ(η, d y ) = A(x + a y (η, d y ), η).
(C3)
The best-suited values of the free parameters |η|, θ, and d y are obtained through the requirements that i) the spin effective description of the atom pair is valid, ii) the gap is maximal, such that the overall energy scale of the effective Hamiltonian is as higher as possible compared to the inverse decoherence time, and iii) the ratio Λ/G is sufficiently small such that we can access the RVBS phase within the validity of the effective Hamiltonian (18) . Since the intra-pair and outer-pair separation of the atoms strongly depends on the modulus of the displacement |η|, the first requirement sets an upper bound on |η|. This bound depends weakly on θ and d y , and it is an increasing function of the former and decreasing function of the latter. Since the gap G strongly depends on d y , the second requirement fixes an optimal value for d y that is weakly increasing function |η| and θ. The value of Λ strongly depends on θ: in fact as it happens for dipolar interactions it exists a magic angle for which it is exactly zero. However, also the gap G depends θ in a similar way: in this case the magic angle is smaller. In other words, we can diminish the ratio Λ/G and satisfies the third requirement by choosing sufficiently large θ. An optimal compromise between a large gap G and small Λ/G ratio is obtained for |η| = 0.5a x , d y = 0.07a x , and θ = 0.85rad, which gives a y = 0.88a x , G = 1.42C 6 /a 6 x , and Λ = −0.088C 6 /a 6
x . Thus, at the price of reducing the overall energy scale (by an order of magnitude in relative terms) we can achieve a similar ratio Λ/G < 1 16 as in the periodic ladder and ensure the existence of an accessible RVBS phase. In absolute terms, by considering the setup of [5] and by setting |η| = 0.5a x = 1µm and J = 0.16C 6 /a 6
x ∼ 16 MHz, we estimate a coherence time (in [5] of 7µm) of the order of 80J −1 .
Appendix D: Details on the DMRG simulations
Here, we provide details on the DMRG simulations that were realized using the ITensor library. The 2D indices (i x , i y ) entering the constructing of Matrix-Product-Operators (MPO) were ordered as l = i y + (i x − 1)N y for mod(i x , 2) = 1, and l = N y +1−i y +(i x −1)N y for mod(i x , 2) = 0. We consider periodic boundary conditions along the y-axis.
We used a small pinning fieldδ = 0.1J along the z direction, on three sites (i x , i y ) = (1, 1), (2, 1), (2, 2) to favor one groundstate in the case of degeneracies (in particular for λ → −∞). We also impose an energy penalty term to only select ground states within the physical subspace
with P ↑,↓ p = (1/2 ± S z p ). One can check that the states that can be reached by the plaquette operators from the vacuum |Ω , i.e., that satisfy the Gauss law in the dual formulation, satisfy H pen = 0. In our simulations, we used E = 5J and E = 10J.
Finally, we achieved ground state convergence, below the percent level w.r.t spin-spin correlations, for maximum bond dimensions D = 256.
